Abstract. Let R be a ring and α a monomorphism of R. We study the skew Laurent polynomial rings R[x, x −1 ; α] over an α-skew Armendariz ring R. We show that, if R is an α-skew Armendariz ring, then
Introduction
Throughout this paper R denotes an associative ring with unity and α : R → R is an endomorphism, which is not assumed to be surjective. We denote R[x; α] the Ore extension whose elements are the polynomials Σ A ring R is called Armendariz if whenever polynomials f (x) = a 0 +a 1 x+· · ·+ a n x n , g(x) = b 0 +b 1 x+· · ·+b m x m ∈ R[x] satisfy f (x)g(x) = 0, then a i b j = 0 for each i, j. The term Armendariz was introduced by Rege and Chhawchharia [20] . This nomenclature was used by them since it was Armendariz [2, Lemma 1] who initially showed that a reduced ring (i.e., a ring without nonzero nilpotent elements) always satisfies this condition.
According to Krempa [16] , an endomorphism α of a ring R is called to be rigid if aα(a) = 0 implies a = 0 for a ∈ R. A ring R is called α-rigid if there exists a rigid endomorphism α of R. Note that any rigid endomorphism of a ring is a monomorphism and α-rigid rings are reduced rings by Hong et al. [10] .
Properties of α-rigid rings have been studied in Krempa [16] , Hong et al. [10] , and Hirano [9] .
A generalization of α-rigid rings and Armendariz rings is introduced and well studied by C. Y. Hong, N. K. Kim, and T. Kwak in [11] .
By Hong et al. [11] , a ring R is called α-skew Armendariz if, for polynomials f (x) = a 0 +a 1 x+· · ·+a n x n , g(x) = b 0 +b 1 x+· · ·+b m x m in the skew polynomial ring R[x; α], f (x)g(x) = 0 implies that a i α i (b j ) = 0 for each i, j. By [10] every α-rigid ring is reduced and α-skew Armendariz; and by [18] 
α-skew Armendariz rings
In this section we provide a simple proof of Matzuk's main result [18] . Some equivalent characterizations of α-skew Armendariz rings is given and some properties of the skew Laurent polynomial ring R[x, x −1 ; α], over an α-skew Armendariz ring, is studied.
We start by observing that for an endomorphism α of a ring R, R is an α-skew Armendariz ring, if for elements f (x) = a 0 + a 1 x + · · · + a n x n and
If we take α = id R , we deduce the following equivalent condition for a ring to be Armendariz:
A ring R is Armendariz if and only if for every polynomials
Since 
Proof. Suppose that R is an α-skew Armendariz ring and f (x)g(x) = 0 for elements
, where r is a negative integer. We show that this implies that a 0 b j = 0 for all integers 0 ≤ j ≤ m. Multiply f (x)g(x) = 0 by x −r from left yields
Hence a r b j = 0 for each 0 ≤ j ≤ m, since R is α-skew Armendariz. Repeating the argument for 
Proof. Suppose that R is a reduced α-skew Armendariz ring and aα(a)
But R is reduced and α is a monomorphism, therefore a = 0. The converse follows by [10, Proposition 6 ]. Now we consider D. A. Jordan's construction of the ring A(R, α) (See [13] , for more details). Let A(R, α) be the subset {x
. It follows that the set of all such elements forms a sub-
, by way of an isomorphism which maps
Theorem 3. A ring R is α-rigid if and only if
; α] is a reduced ring and for a ∈ R, aα(a) = 0 then axax = 0 and hence ax = 0. So R is α-rigid. Conversely assume that R is an α-rigid ring. We first show that the Jordan extension
; α], we will assume that α is an automorphism of R and R is an α-rigid ring. Assume that
, and integers m, n. Then we have (a n x n )(a n x n ) = a n α n (a n )x 2n = 0. Since R is α-rigid, a n = 0. Hence we can deduce that f = 0 and the result follows.
The following proposition partially extends [ Proof. Consider f (x) = 1 − e + (1 − e)α(e)x and g(x) = e + (e − 1)α(e)x. Then f (x)g(x) = 0. Since R is α-skew Armendariz, (1 − e)(e − 1)α(e) = 0 and hence α(e) = eα(e). Now suppose that h(x) = e + e(1 − α(e))x and
Hence e(e(1 − α(e)) = 0 and so e = eα(e) = α(e).
Theorem 5. Every α-skew Armendariz ring is abelian.
Proof. Let r ∈ R and e 2 = e ∈ R.
Since R is α-skew Armendariz, (1 − e)(1 − e)re = 0. So re = ere. Therefore re = ere = er, and that R is abelian.
Corollary 6. Every Armendariz ring is abelian.

Skew Laurent polynomial extensions of Baer and p.p.-rings
Now we turn our attention to the relationship between the Baerness and p.p.-property of a ring R and these of the skew Laurent polynomial ring R[x, x −1 ; α] in case R is an α-skew Armendariz ring.
Theorem 7. Let R be a ring and α a monomorphism of R. If R is α-skew
Armendariz and
Proof.
Since e(1 − e) = (1 − e)e = 0, we have
Now, if for all 1 ≤ t ≤ n, j t = i t , then by Proposition 4, we have α i−i t (e t ) = 0 for all 1 ≤ t ≤ n, and hence e 1 = e 2 = · · · = e n = 0 and that e = 0, so the result follows. Otherwise for some 1 ≤ t ≤ n, j t = i t . In this case it is enough to assume that for only one index t with 1 ≤ t ≤ n, i t = j t . This is because, if i t = j t and i k = j k , with 1 ≤ k < t ≤ n, then we have,
Therefore we assume that for only one index t with 1 ≤ t ≤ n, i t = j t .
In this case we have (1
(1) On the other hand, e(1 − e) = 0 implies that Recall that R is a Baer ring if the right annihilator of every non-empty subset of R is generated by an idempotent of R. These definitions are leftright symmetric. Kaplansky [13] defined an AW * -algebra as a C * -algebra with the stronger property that the right annihilator of the nonempty subset is generated by a projection. A ring R is called a right (resp. left) p.p.-ring if every principal right (resp. left) ideal is projective (equivalently, if the right (resp. left) annihilator of an element of R is generated (as a right (resp. left) ideal) by an idempotent of R ; α], we will assume that α is an automorphism of R and R is an α-rigid Baer ring. Since α is an automorphism of R, we can take each element 
The same argument as above shows that a r+1 b j = 0 for all k ≤ j ≤ m. Repeating this process it implies that a i b j = 0 for all r ≤ i ≤ n and
and the result follows. (R, α) is α-rigid, and we will assume that α is an automorphism and R is α-rigid. Since α is an automorphism of R, we can take each element of
n , where r and n are integers. Let f = x r a r +x r+1 a r+1 +· · ·+a 0 +a 1 x+· · ·+ a n x n ∈ R[x, x −1 ; α]. So there exists idempotents e i ∈ R such that r R (a i ) = e i R for i = r, . . . , n. Let e = e r e r+1 · · · e n . Since R is abelian, e 2 = e ∈ R.
; α] is abelian by Corollary 9, and by Proposition 4 we have α(e) = e for each idempotent e ∈ R,
Since R is α-rigid, by the same argument as in the proof of Theorem 12, we deduce that 
Some extensions of α-skew-Armendariz rings
Let R be a ring and let
with n ≥ 2. Then T (R, n) is a subring of the triangular matrix ring T n (R). We can denote elements of T (R, n) by (a 1 , a 2 , . . . , a n ). In the case n = 2 it is the trivial extension of R, and is denoted by T (R, R). For an endomorphism α of R, the natural extension α :
Theorem 18. Let R be a ring and α a monomorphism of R. Then the following are equivalent:
. . , b jn ). Then using the above isomorphism we have for each 
n is an α-skew Armendariz ring, where
n , for each positive integer n.
As a corollary of Theorem 18, we see that the trivial extension T (R, R) is an α-skew Armendariz ring for every α-rigid ring R.
If R is any of the following examples of α-rigid rings, then the trivial extension T (R, R) is a non reduced α-skew Armendariz ring: 
